
JOURNAL OF AIRCRAFT

Vol. 37, No. 4, July–August 2000

Convergent-Flow-Derived Waveriders

Yu. P. Goonko,¤ I. I. Mazhul,† and G. N. Markelov‡

Russian Academy of Sciences, 630090, Novosibirsk, Russia

Results are presented of a study on the aerodynamics of a new type of waverider derived from supersonic
axisymmetric � ows inside constricting ducts, speci� cally conical trumpet ducts. In such a duct, an initial shock
wave arises from its leading edge, and the compression � ow downstream of this shock has streamlines converging
toward the � ow axis. This � ow is chosen as a basic � ow for the waverider design. The simplest convergent-� ow-
derived waveriders are constructed with a lifting surface with a transverse-concave arc-shaped contour. They
are compared with known types of waveriders constructed based on uniform � ows behind plane oblique shock
waves or divergent � ows behind axisymmetric conical shock waves. The characteristics of convergent waveriders
as lifting con� gurations are analyzed with the lift and drag coef� cients, the lift-to-drag ratio, and the integral heat
� uxes through the waverider surfaces determined. The possibilities of using these new waveriders as forebodies
for hypersonic vehicles powered by airbreathing engines are also estimated. The � ow� eld characteristics near the
lower lifting surface of the waverider as a precompression surface arranged upstream of the inlet are considered
in this connection.

Nomenclature
CD = drag coef� cient, D / (q1 Spl)
CL = lift coef� cient, L / (q 1 Spl)
L / D = lift-to-drag ratio
Lw = waverider length, m
L̄w = relative length of a waverider, Lw / R0

M = � ow Mach number
p̄ = relative static pressure, p / p 1
q 1 = freestream dynamic pressure, Pa
R̄e = relative radius of transverse curvature of a lifting surface

in the end cross section of a waverider, Re / R0
R̄s = relative radius of a trumpet-shaped shock wave, Rs / R0

R0 = radius of a constricting duct in the initial cross section, m
Spl = reference planform area of a waverider, m2

x̄ , r̄ = relative longitudinaland radial coordinates, x / R0 and
r / R0 , respectively

x̄a = relative longitudinalcoordinate of the waverider
aerodynamic center, xa / Lw

x̄e = relative longitudinalcoordinate of the waverider end
cross section, xe / R0

d c = cone angle, deg
d d = angle of inclination of a conical duct wall to the duct

axis, deg
d w = wedge angle, deg
h = angle of inclination of a � ow velocity vector to the duct

axis, deg
s = volumetric factor, 3

p
( X 2) / Spl

} = half-angleof the arc contour sector, deg
X = waverider volume, m3

Subscripts

s = shock wave
1 = freestream values
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Introduction

I N the design of high-speed � ying vehicles, methods are often
used in which theaerodynamicsurfacesare constructedas stream

surfaces of known inviscid supersonic � ows forming downstream
of the shock waves. General concepts of this kind of design are dis-
cussed, for example, in Refs. 1–5. This trend is commonly called
inverse design, in contrast to direct design methods. According to
Maikapar and Keldysh,5 in Russia, it also called gasdynamicdesign
becausein many cases the � ows used are typicallydescribedby non-
linear equations or closed solutions of gasdynamics.This approach
includes the design of waveriders,which are three-dimensionallift-
ing con� gurationswith leadingedges lyingon the surfaceof a shock
wave of known shape. Simple shocked-�ow solutions determined
exactly analyticallyor numerically are usually employed. The sim-
plest waverider is the Nonweiler caret wing6,7 designed based on
a uniform � ow behind a plane oblique shock wave generated by
a wedge. Design of waveriders from � ows behind conical shock
waves over circular and elliptic cones is well-known.3,8 ¡ 10 Note
that, despite a great variety of different types of waveriders, they are
usually derived from external � ows forming around the bodies. On
the whole such basic � ows are divergent, that is, their streamlines
are divergent toward the freestream � ow direction.

Combiningvarious� owpatternscarvedin a simple basic� owand
assembling these � ow patterns or the regions of different original
� ows can be used for gasdynamic design.This allows one to obtain
multipieced or multishocked combined-design � ows and, also, to
constructcon� gurations that satisfy different requirements imposed
on � ying vehicles. Examples of constructing complex waverider-
type lifting con� gurations with inlets and engine ducts are given in
Refs. 11–15. Note that many scientists, too numerous to be men-
tioned, have contributed to the waverider design effort.

Some papers on gasdynamic design deal with the three-
dimensional inlets, called convergent.16 ¡ 18 They were constructed
using supersonic shocked � ows with streamlines converging in
space toward the freestream � ow direction, that is, on the basis
of convergent � ows. The � ow convergence applied to construct the
external compression section of such an inlet ensures, in partic-
ular, a compact, close to circular, cross-sectional inlet throat and
engine duct. The wetted area of the walls of such engine ducts is
smaller as compared to engines constructed with two-dimensional
(� at) or axisymmetric inlets having a centerbody and a slot-shaped
throat.This can facilitatethe thermalprotectionof the walls of high-
speed airbreathingengines. Convergent inlets also provide a higher
level of � ow compression in comparison with � at inlets with equal
� nal angles of inclination of the inlet ramps. The designing of con-
vergent inlets was performed using both supersonic axisymmetric
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compression � ows and combinations of two-dimensional shocked
� ows. One of the simple typesof convergentinlets is constructedus-
ing supersonic axisymmetric compression � ows inside constricting
ducts17,18 whose internal surfaces are conical or with other surfaces
of revolutionwith a curved generatrix.Such an inlet has a nonswept
leading edge; its ramp is constructed with a concave external com-
pression surface having an arc-shaped transverse contour. From its
characteristic shape, such an inlet can be called a shovel type.

A purpose of the waveriders, or their application, is one of the
main factors specifying a type of � ow chosen as the basic one for
the waverider design. In the present paper, we consider waveriders
that will ensure elevated levels of � ow compressionnear the lifting
surface in comparison with known waveriders derived from two-
dimensionalor conic � ows. Following Ref. 19, they are constructed
with the use of supersonic axisymmetric � ows inside constricting
ducts, trumpets, as just described for the convergent inlets derived
from the same � ows. In such a trumpet duct, an initial shock wave
arises from its leading edge.The shock wave is also trumpet shaped,
its generatrix in a meridian plane is curved, and the compression
� ow downstream of the shock has streamlines converging toward
the duct axis. Thus, the basic internal compression � ows chosen
for designing these waveriders are convergent, as compared to two-
dimensional and axisymmetric supersonic external divergent � ows
used for designing known waveriders. From the main feature, con-
vergenceof the originalbasic � ows, the waveridersconstructedwith
the use of these former � ows will be called convergent-�ow derived
or simply convergent.

The waveriders so obtained can be considered as a basis for de-
signing more general lifting con� gurations of hypersonic vehicles.
In addition, these waveriders can be used as forebodies of vehicles
powered by airbreathing engines. They have a transverse-concave
external lifting-compressing surface, under which it is convenient
to arrange the mentioned convergentshovel-type inlets. We analyze
the characteristics of the waveriders from the viewpoint of both of
these applications. Results of the analysis of lift force, lift-to-drag
ratio, and integral heat � uxes to the surfaces of these waveriders are
presented, that is, the waveridersare consideredas lifting con� gura-
tions.The parametersof the � ow� eldnear the lower liftingsurfaceof
the convergentwaveriders, interpretedas a precompression surface
upstream of the inlet, are analyzed. The average parameters of the
airstream adjacent to the lifting–compressing surface and captured
by the inlet are determined.

Note that in thepast few decadesvariousnumericaltechniquesfor
the solutionof � ow� elds around waveridershavebeen used, includ-
ing Euler solvers and Navier–Stokes simulation. They are powerful
means for studying off-design � ow regimes of waveriders and for
including optimization techniques. However, the main objective of
setting up the presented problem was to put forward new waverid-
ers both as lifting con� gurations and precompression forebodies.
It is an initial step in designing these waveriders and subsequently
studying them in more detail. From this standpoint,simple methods
are very appropriateto design their shape, preliminary to estimating
aerodynamic characteristics, to analyze their performance, and to
present the main properties. Such are, indeed, the methods applied
to our problem and speci� ed hereinafter. In addition, convergent
waveriders are compared with known types of waveriders of a caret
wing type derived from uniform � ows behind plane oblique shock
waves and those constructed on the basis of divergent � ows behind
axisymmetric conical shock waves. Such a comparison enables a
more comprehensiblepresentationof the convergentwaveriders.

Note also that many special problems on waverider optimization
with different criteria and limitations could be set up. Such prob-
lems are rather arduous, especially with using numerical methods.
That is why the authors do not as yet setup any optimization prob-
lems. Nevertheless, one can see some optimal parameters of the
waverider under consideration from the parametric relationships to
be presented.

Design of Convergent Waveriders
The principle of designing a convergent waverider from an ax-

isymmetric internal � ow inside a constricting conical duct trumpet

Fig. 1 Designing convergent waveriders on the basis of the axisym-
metric � ow inside a constricting conical duct.

is shown in Fig. 1. A uniform freestream� ow with a Mach number
M 1 enters the trumpet duct. The duct geometry is de� ned by the
radius R0 of the initial cross section at x = 0 and the angle d d of the
duct wall inclinationto the duct axis.Downstreamof the initial cross
section, an axisymmetric � ow with a trumpet-shapedshock wave S
forms. Note that the basic � ow is convergent, that is, its streamlines
converge to the duct axis that is also the � ow axis, and this � ow
is independent of the initial radius R0 in coordinates normalized to
R0 . Furthermore, some general features of the initial shock wave
that follow from the � ow axisymmetry should be noted. This shock
is weak, and the local supersonic � ow immediately behind it is two
dimensional at the leading edge. The slope of the shock wave in-
creases progressivelydownstream, becomes strong, and transforms
to a normal shock at the � ow axis. Thus, the resultant � ow forming
behind the initial shock wave includes regions of both supersonic
and subsonic � ow. Leaving aside a question as to the conditions for
which such � ows occur, note that only the region of supersonic� ow
is used for waverider design.

We consider convergent waveriders with a smooth transverse-
concave lower lifting surfaceof a simple arc-shapedtransversecon-
tour. The latter was chosen by reasoning that the said lower surface
shape of the waverider as a precompressionforebody� ts in with the
arc-shaped leading edge of a convergent shovel-type inlet arranged
downstream. For convergent waveriders as lifting bodies, this con-
tour can be considered as a generic example to demonstrate their
characteristics.Note that any other cross-sectionalcontours (power
law functions, hyperellipse, etc.) could be used, as necessary. The
arc contour C of radius Re is prescribed in a certain cross section
xe, which is used as the end cross section for waverider design.The
radius Re determines the transverse curvature of the lifting surface
as a whole. The half-angle } of the arc sectorof the contourC is also
used for de� ning the waverider geometry. The contour C is located
between the shock wave and the duct wall. It does not intersect the
duct circle contour, but can be tangent to the latter. Because of the
geometry of the � ow region in the consideredcross section, the cur-
vature of the contour C is always greater than the curvature of the
shock wave S. The position of the center of the circle of contour C
along the vertical axis is uniquely determined by the parameters Re

and } , considering that the ends of the arc C lie on the shock wave
circle in the said cross section.

The constructionof the lifting surface begins from the end cross
section with streamlines of the basic � ow passing through the con-
tour C and reconstructed upstream. The leading edge of the wa-
verider is formed by the line E of intersectionof the lifting surface
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and the shockwave S. The upper nonliftingsurface of the waverider
is constructed as a cylindrical surface with generatrices parallel to
the freestream direction.

Calculationsof the basic inviscid, supersonic,axisymmetric � ow
for the convergentwaverider design were performedwith the use of
the well-known method of characteristics.The method goes back to
Refs. 20 and 21; its effective implicit � nite difference scheme was
developed in Refs. 22 and 23. The major features of these proce-
dures were also presented in Ref. 24. The characteristicnetwork is
constructed concurrently with the shock wave emanating from the
leading edge of the duct. The network construction is reduced to
the iterative solution of a few elementary tasks on determinationof
the mesh points on the shock wave, on the body surface, on the axis,
and in the � ow� eld. For a point on the body surface, the bound-
ary condition requires the normal velocity component to be zero. A
point on the shock wave is calculated, as usually in the method of
characteristics, from the relations for one of the characteristicsand
the Rankine–Hugoniot relations that must be satis� ed on the shock
wave properly. The � ow parameters are calculated along the char-
acteristics,but the calculation results are interpolated to matrices of
the � ow parametersdeterminedin cross sections speci� ed along the
longitudinal axis. The size of computationalcells along the charac-
teristics is chosen so that the number of cross sections in which the
matrices are determined varied within Nx =100–200 dependingon
the size of the � ow region used for the design.The calculationaccu-
racy is controlled according to recommendations in Ref. 23 based
on the use of the streamfunction. The difference between the two
stream function values obtained in a calculation point on the duct
wall is estimated. One value was obtained by integration along the
characteristicof the � rst family; the other correspondedto the value
calculated along the surface streamline emanating from the leading
edge of the trumpet duct. The differencedid not exceed 0.01%.

The stream function was also used to determine the streamlines
and, hence, to design the lifting surfaceof the convergentwaverider.
For this purpose, a set of N p =50–100 points was prescribedon the
transverse contour C de� ned in the end cross section with the coor-
dinate xe . The points were distributeduniformly along the contour.
A certain value of the stream function calculated from the basic ax-
isymmetric� ow� elddata correspondsto each point of the set.Based
on this value, the respective streamline is reconstructedupstream to
its intersection with the trumpet-shaped shock wave. The set of
resultant streamlines determines the lower lifting surface, and the
points of intersection of these streamlines with the initial trumpet-
shaped shock wave determine the leading edge E of the waverider.
The error in the construction of the lifting surface and the leading
edge was determined and was dependent on the number of points
Np used in dividing the transverse contour. It was estimated inte-
grally by the changes in the lift coef� cient of the waverider and the
� ow rate of the airstream that can be captured by an inlet arranged
under the lifting surface downstream of the end cross section. The
inlet-capturedairstream is assumed to be bounded by the waverider
surface and the shock wave in the end cross section.The � ow rate is
� rst calculated from the parameters of the freestream tube bounded
by the leading edges of the waverider and the shock wave contour
in the end cross section. It is also determined from integration of
parameters of the � ow under the lifting surface in the end cross
section. The construction algorithm that was used ensured an error
of less than 0.1% for both integral characteristicsestimated already
for Np =50.

Continuingwith the waveriderde� nition,we outline the pertinent
parameters. The given Mach number M 1 , the radius R0 of the con-
ical trumpet duct in the initial cross section, and the angle d d of the
duct wall inclination determine the basic � ow� eld. The waverider
geometry proper is determined by three independent parameters.
The relative radius of the lower lifting surface R̄e and the half-
angle } of the sector of the arc of the contour C in the end cross
section (see Fig. 1) are prescribed. Furthermore, note that there is
a longitudinal pressure gradient in the basic � ow� eld in the down-
streamdirectionalongtheductwallor alonga streamline.Therefore,
the geometric and aerodynamiccharacteristicsof a waveriderunder
considerationshould also depend on its longitudinalposition in the

Fig. 2 Relative length of convergent waveriders: M 1 = 6, ±d = 10 deg,
and ’ = 45 deg.

basic � ow� eld. This position can be characterized by the relative
longitudinal coordinate x̄e of the end cross section of the waverider
that completes the de� nition of geometrical parameters.The length
Lw of a waverider constructedis evident from the intersectionof the
streamlinepassingthe contourC and the shock wave line emanating
from the leading edge of the duct in the plane of symmetry.

The length of the convergent waverider is exempli� ed in Fig. 2
for the freestream Mach number M 1 = 6, the inclination angle of
the trumpet duct wall d d =10 deg, and the sector half-angle of the
arc contour } = 45 deg. In Fig. 2, the relative length L̄w is plotted
as a function of the relative radius R̄e characterizing the transverse
curvature of the lifting surface of the waveriders for several values
of the longitudinal coordinate x̄e . Obviously, for Re =0 or Rs , we
have Lw =0; hence, the relative length L̄w of the waveriders has a
maximumdependingon R̄e. At the given R̄e , the fartherdownstream
the waverider is located, that is, the greater the coordinate x̄e , the
smaller is the waverider length owing to the bendingof the trumpet-
shaped shock wave to the � ow axis and the increase in its slope.

The convergent waveriders constructed from the parameters just
mentioned, that is, the free-stream Mach number M 1 = 6, the in-
clination angle of the trumpet duct wall d d =10 deg, and the sector
half-angle of the arc contour } = 45 deg, will be considered as a
generic example to demonstrate their characteristics.When neces-
sary for comparison, we will also present the characteristics of the
simplestwaverider,which is the Nonweilercaretwing7 derivedfrom
a uniform � ow behind a plane shock wave, and a cone-derivedwa-
verider. The latter were constructed for the same freestream Mach
number M 1 and wedge angle d w = d d or cone angle d c = d d .

Some Properties of the Flows Basic for Convergent
Waverider Designing

Let us � rst consider some properties of supersonic inviscid � ows
inside constricting conical trumpet ducts, among which the basic
� ow is chosen for designing the waveriders under study. As already
noted, these� ows were calculatedby themethodofcharacteristics.23

The � ow pattern in a longitudinal axial section is presented in
Fig. 3 (for M 1 = 6 and d d =10 deg). The � ow in a trumpet duct be-
gins from a locally two-dimensional � ow behind an oblique shock
wave at the leading edge. As the coordinate x̄ increases, signi� cant
� ow compression and an increase in the shock wave slope h s occur
due to the convergence of the streamlines in reference to the � ow
axis. A curved shock wave emanating from the leading edge and a
set of streamlines are shown in Fig. 3. The wall pressure increases
downstreamand becomes substantiallygreater than in the case of a
uniform � ow over a plane wedge with the same angle of wall incli-
nation.The variationsof the shock parametersand the � ow pressure
at the duct wall and immediatelybehind the shock vs the coordinate
x̄ are also plotted in Fig. 3. A high level of � ow compression is
a favorable factor from the viewpoint of both the aforementioned
applications of the waveriders designed.

Note that within the range x̄ =0–1.8, the nonuniformity of the
� ow� eld across theduct is not too large.This is evidentby a compar-
ison of static pressure distributions along the duct wall and behind
the shockwave (Fig. 3). Figure 4 shows the plots of the � ow parame-
ters as functionsof the radialcoordinater̄ for a few values x̄ = const.
The pressurevariationbetween the shock wave surface and the duct
wall does not exceed » 2–3% for x̄ ·1.8 and increases to » 8.6%
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Fig. 3 Variation of parameters of the trumpet-shaped shock wave and
the relative pressure immediately behind the shock wave and at the duct
wall vs the coordinate Åx: M1 = 6 and ±d = 10 deg.

Fig. 4 Variation of the relative pressure, angle of inclination of the
velocity vector, and local Mach number between the trumpet-shaped
shock wave and the duct wall: M1 = 6 and ±d = 10 deg.

for x̄ =2.21. Interestingly, there is a maximum in the dependence
p̄ = f (r̄), which is located near the shock wave. The pressure max-
imum shifts toward the shock wave as the longitudinalcoordinate x̄
increases, as noted in Ref. 24 for high values M 1 =10.4.

The value of the local-� ow Mach number in a cross section
x̄ = const increasessomewhat in a direction from the shockwave to-
ward the ductwall (Fig. 4). For theconsideredexamplewith M 1 = 6
and d d =10 deg, however, the nonuniformity of the Mach number
� eld is » 3.6 and » 7.3% for x̄ = 1.79 and 2.21, respectively.The an-
gle of de� ection, h , of the velocityvector from the duct axis changes
in the cross section x̄ = const more signi� cantly, decreasing to the
duct wall (see Fig. 4). The value of this angle h d immediatelybehind
the shock wave vs the longitudinal coordinate x̄ is shown in Fig. 3.
The angle h d increases downstream, due to an increase in the shock
wave slope h s . As applied to waveriders, the angle h d will determine
the slope of the lifting surface at their leading edge in the plane of
symmetry z = 0.

An analysis of the properties of the basic internal � ows shows
that these � ows can be used to constructconvergentwaveriders that
ensure a high compressionand rather uniform � ow� eld in a certain
end cross section, where it is assumed an airbreathing engine inlet
will be located. This is appropriate when the � ow region chosen
for waverider design lies within the range of values x̄ at which

the shock wave slope is not very large. At a further extension of
this range downstream, however, the � ow nonuniformity increases,
particularly near the shock wave. In this aspect, the use of � ow
regions that correspond to large values of x̄ possibly will not allow
one to construct waveriders with a fairly uniform � ow� eld. At the
same time, theseregionscan be effectivelyused to designwaveriders
with highrequiredlift coef� cientsCL .Notice thatthecontourC used
for constructionof these waveriders usually restricts only a part of
the � ow regionbetweenthe shockwaveand theductwall. Therefore,
the said nonuniformity of the � ow� eld under the lifting surface
of the waverider proper can be signi� cantly lower in this case in
comparisonwith thatmentionedearlierfor the basic� ow as a whole.

Let us exemplifythe � ow-� eldcharacteristicsfor a waveriderwith
x̄e =1.78 and R̄e =0.2. The value R̄e = 0.2 de� nes the maximum
length of the waverider for the determining parameters mentioned
earlier. The level of relative static pressure on the waverider surface
p̄ =4.7–4.9 noticeably exceeds the value p̄ =3.67 corresponding
to the value behind a plane shock wave on a wedge with an angle
d w = d d . The pressure increasesby » 7% along the waverider length
in the plane of symmetry. In the end cross section, the pressure on
the lifting surface depends weakly on the span coordinate and also
varies weakly between the lifting surface and the shock wave in the
plane of symmetry. In both the latter cases, the nonuniformity of
the pressure � eld does not exceed 3% and that of the Mach number
� eld is less than » 0.5%. The nonuniformity of the total pressure
distributionwas estimated from the change in the pressure recovery
factor r = p0 / p0, 1 in the case under discussion. Its magnitude is
r = 0.65–0.7, and the nonuniformity of the total pressure distribu-
tion is » 9% over the waverider span and » 3% between the lifting
surface and the shock wave in the plane of symmetry. This means
that the nonuniformityof � ow� elds obtainedin the end cross section
between the liftingsurfaceand the shockwaveof theconvergentwa-
verider is fairly small.The considered� ow nonuniformityshouldbe
evaluated if the convergent waveriders are considered as precom-
pression forebodies under which some inlets, speci� cally shovel-
type convergent inlets, are arranged. It can be noted in this relation
that this nonuniformity is small in comparison with that of � ows
through the convergentinlets proper (as presented in Ref. 18) or, for
example that of a � ow through the three-dimensionalinlet with side
compressionwedgesdevelopedat NASA LangleyResearch Center.

Characteristics of Convergent Waveriders
The characteristics of the lift and drag forces and the lift-to-

drag ratio were determined while considering the waveriders as
lifting con� gurations. These characteristics correspond to design
� ow regimes, that is, to the � ow parameters prescribed in the wave-
rider design. The distributionof pressure forces is determined from
the known inviscid � ow� eld, which is basic for designing.

From the viewpoint of obtaining real estimates of aerodynamic
characteristicsof the waveriders, it is necessary to include the fric-
tion forces in drag calculations. This is connected with the fact
that aerodynamiccon� gurationswith transverse-concaveliftingsur-
faces have a considerable wetted surface area Sw relative to their
planform area Spl, that is, the value of S̄w = Sw / Spl, as it occurs, for
example, for caret wings compared with delta wings. Correspond-
ingly, the contributionof friction drag to the total drag and its effect
on the total aerodynamic characteristics of concave con� gurations
increases.Note that the relative wetted surface S̄w of the convergent
waveriders exempli� ed is almost independentof x̄e and, within the
examined range of R̄e = 0.05–0.5, amounts to S̄w =2.45–2.2. The
friction drag contributionvaries directly with this value.

The � ight of vehicles at high hypersonic speeds is accompanied
by intense aerodynamicheating.Therefore, the overall level of heat
to be absorbed by the cooling system to ensure allowable wall tem-
peratures can be one of the factors that determines the possibility
of employing convergentwaveriders for such vehicles. In this con-
nection, we also estimated the total heat � ux Q to be removed by
the cooling system to ensure a given temperature of the body wall
Tw = const. The heat � ux passing through the surfaces into the wa-
veriderbody is determinedby the differencebetween the convective
qw and the emitted radiative qr heat � uxes. The input heat � uxes
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were integrated along the streamlines on the wetted surfaces of the
waverider. The integral input heat � ux Q was normalized to the
enthalpy of the freestream of a unit cross-sectionalarea F1 = 1 as

Q̄ =
Q

D H1
, Q =

Sw

0

(qw ¡ qr ) dS

D H1 = q 1 V1 F1

T0

T1

cp (T ) dT

where C p(T ) is the heat capacity of the air; V1 , q 1 , T1 , and T0

are, respectively, the velocity, the density, and the static and total
temperaturesof the freestream.The quantity D H1 characterizesthe
maximal amount of energy of the freestream with the parameters
M 1 and T1 , which can be transformed to aerodynamic heating of
a vehicle after adiabaticdecelerationof the freestream to stagnation
parameters M 1 =0 and T0.

The boundary layer on a surface (lower, or respectively upper)
of the waverider was assumed to be fully turbulent and locally two
dimensional along the streamlines. For its calculation, we used the
method developed in Ref. 25 as applied to the turbulent boundary
layer of a nonthermoinsulated � at plate. The method presents an
analytical formulation based on the logarithmic law for the velocity
pro� le of the compressible turbulent boundary. Integral parameters
of the boundary layer such as the thickness,displacementthickness,
and momentum thickness are determined. In due course, the author
of Ref. 25 demonstratedthat the analyticalmethod yields somewhat
better accuracy in comparison with the well-known empirical pre-
diction procedure of Ref. 26. The method of the effective length of
Ref. 27 was used to take into account the longitudinal gradients of
the � ow parameters at the external boundary of the viscous layer.
With the use of these methods, a procedure for the boundary-layer
calculation consists in the following. The calculation strip along
a streamline on the surface is partitioned into a set of plane seg-
ments. The parameters of a local � ow outside the boundary layer
are taken from the known inviscid � ow� eld, and they are assumed
to be constantwithin the segment. Calculationof the � rst segment is
obvious. The boundary layer on each subsequent segment is calcu-
lated as on a � at plate with an effective lengthadded upstreamof the
segment beginning. This length corresponds to the boundary-layer
length determined by the local � ow parameters using the conser-
vation condition of the boundary-layermomentum thickness at the
joint lineof the foregoingand current segments.The effectivelength
method holds the overall friction force of a calculated surface.

The viscous � ow characteristics correspond to the � ight regime
with a dynamic pressure q 1 =7 £ 104 Pa and surface temperature
Tw =800 K . To determine the characteristiclinear scale of waverid-
ers, which is essential for the estimation of viscous effects, we set
R0 = 10 m, which corresponds to waverider lengths Lw =1.5–3 m.
The base pressureover the end cross section area was assumed to be
equal to the freestreampressure, that is, the base drag was canceled.

The lift coef� cient CL for the considered waveriders is shown in
Fig. 5 as a functionof the relative radius R̄e for several values of the

Fig. 5 Lift coef� cient of convergent waveriders vs relative radius of
transverse curvature of the lifting surface, M1 = 6: convergent wa-
verider ±d = 10 deg and ’ = 45 deg and caret wing ±w = ±d = 10 deg.

Fig. 6 Lift-to-drag ratio of convergent waveriders vs relative radius
of transverse curvature of the lifting surface: M1 = 6, ±d = 10 deg, and
’ = 45 deg.

coordinate x̄e . As the calculated data show, the magnitude of CL is
almost independent of R̄e for the given value x̄e = const. Figure 5
shows the value of CL for a simple Nonweiler caret wing,6,7 which
is equal to the pressurecoef� cient behind an oblique shock wave on
a wedge with the angle d w = d d . This value, in fact, determines the
lowest possible value of CL of the waveriders examined when they
are located at the upstream region of the basic � ow in a constricting
duct for x̄e ! 0. As should be expected from the basic � ow features
with a longitudinal pressure gradient, an increase in the parameter
x̄e, that is, a more downstream displacement of the con� gurations
constructed, leads to a signi� cant growth of the lift coef� cient. For
example, CL of waveriders with x̄e =1.17, 1.78, and 2.04 are, re-
spectively,1.2, 1.4, and 1.6 times greater than that for the Nonweiler
caret wing.6,7 Thus, for equal values of the Mach number M 1 and
initial angle of � ow de� ection d d , waveriders based on the � ow in a
constrictingduct ensurea signi� cant advantagein the lift coef� cient
as comparedwith waveriders constructedfrom the uniform� ow be-
hind a plane shock wave. A downstream shift of the aerodynamic
center of the convergent waveriders is obvious as compared with
the uniform-� ow-derived waveriders. This is caused by the men-
tioned pressure gradient downstream along the streamlines of the
basic convergent � ow.

The lift-to-drag ratio of the waveriders is presented in Fig. 6
as a function L / D = f ( R̄e) for several values of x̄e ; the dashed
curve corresponds to the estimate for an inviscid � ow, and the solid
curves refer to the estimates including friction drag forces. As for
the lift force, the parameter x̄e (the waverider position in the basic
� ow� eld) exerts a determining effect on the lift-to-drag ratio. An
increase in x̄e leads to a decrease in the lift-to-drag ratio due to the
shift of the designed waverider downstream in the basic � ow� eld.
This decrease is caused by two factors. One is the increase in the
relative area of the midsectioncoincidentwith the end cross section,
that is, the increase in the value Sm / Spl of the waverider. The other
is the increase in � ow compression and, consequently, a gradual
increase in the pressure coef� cient along the lifting surface. This
means that, in terms of L / D values, the best waveriders lie as close
as possible to the leading edge of the � ow-generating duct where
the local � ow tends to two dimensional. The presence of a weak
maximum in the dependence of the lift-to-drag ratio on the radius
R̄e should also be noted. As x̄e decreases, the optimal values of R̄e

become higher. This means that the optimal radius of the lifting
surface in the end cross section decreasesas the waverider designed
shifts to the regionof a more compressedbasic � ow. Note, the values
L / D properly become smaller with the decrease in the optimal
values of R̄e.

Figure 7 shows the heat � ux characteristics of the convergent
waveriders determined in accordance with the preceding assump-
tions. The relative integral input heat � ux is plotted as a function
Q̄ = f ( R̄e) for a number of relativecoordinates x̄e . For a � xed value
x̄e = const, the integral input heat � ux has a maximum. The latter is
causedby thechangein the relativetotalwetted area of thewaverider
surfaces in accordance with the change in the relative length L̄w of
a con� guration with a maximum dependent on R̄e (see Fig. 2). This
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Fig. 7 Integral heat � ux input to the convergent waverider body vs
relative radius of transverse curvature of the lifting surface: M 1 = 6,
±d = 10 deg, and ’ = 45 deg.

is one of the major factors governing the level of the integral input
heat � ux for the waverider considered. As x̄e increases, that is, as
the con� gurationsshift to the region of a more compressed� ow, the
heat transfer intensity increases.Nevertheless, the relative decrease
in the wetted surface is again the factor determininga decrease in Q
as a whole. Note that a suf� ciently low level of the integral heat � ux
Q for x̄e = const can be apparently achieved by means of a proper
choice of R̄e without signi� cant losses in the lift coef� cient and the
lift-to-drag ratio.

The exempli� ed aerodynamic characteristics correspond to the
half-angle of the arc sector of the lower surface in the end cross
section } = 45 deg. The calculations show that the drag CD and
the lift CL coef� cients slightly decrease with increasing } , and the
functionof the lift-to-dragratio L / D = f ( } ) has a weak maximum.
At the same time, the change in aerodynamiccharacteristicsis rather
small within a wide range of practical interest, 30 < } < 90 deg.

In summary, the parametric analysis of the effect of independent
parameters determining the geometry of the waveriders on their
integral aerodynamic characteristics shows that the main factor is
the position of the con� guration considered in the basic � ow� eld,
that is, the longitudinal coordinate x̄e of the end cross section. The
effect of the transversecurvatureof the lifting surface characterized
by its relative radius R̄e and half-angleof the arc sector } in the end
cross section is small. At the same time, all of these independent
parameters are essential from the viewpoint of their effect on the
integral input heat � ux.

Comparison of Various Types of Waveriders
Some characteristicsof a convergentwaverider and a simple wa-

verider of a caret-wing type have been compared. For a more com-
prehensiveestimateof the characteristicsof the convergentwaverid-
ers, the two were also comparedwith a waverider of a common type
designed with the use of an axisymmetric � ow around a circular
cone at zero incidence (Fig. 8). This � ow is described by known
ordinary differential equations, whose numerical solution presents
no dif� culties. In this case, the streamlines of the basic conic � ow
are diverging from the � ow axis. Because of this, the streamlinesof
the � ow under a cone-derivedwaveriderconstructedand the stream-
lines on the surface of its compression surface are also divergent.
The procedure of designing the cone-derived waveriders and the
limitations used are similar to those already described. In particu-
lar, the transverse-concavecontour of the lifting surface in the end
cross section was also prescribed by the arc of radius Re . Note that
waveriders with the transverse-concavetrailing edge of a segment-
circle shape, along with other different cross-sectionalcontours, are
considered in the optimization of cone-derivedwaveriders.28

A typical feature of cone-derived waveriders is that their aero-
dynamic characteristics determined for an inviscid � ow are inde-
pendent of the longitudinal coordinate xe because of � ow conicity.
This distinguishesthem from the consideredconvergentwaveriders
whose longitudinalposition in the basic � ow� eld is a factor that de-
termines their aerodynamic characteristics.Consequently, the rela-
tive radius determining the transverseconcavityof these waveriders
was normalized by the length xe , that is, in this case R̄e = Re / xe .

The aerodynamiccharacteristicsof the convergent-�ow-derived,
cone-derived, and caret-wing-type waveriders are compared in
Figs. 9 and 10 for the parameters M 1 =6, d d =10 deg, } =45 deg,

Fig. 8 Designing waveriders on the basis of the axisymmetric � ow
around a circular cone.

Fig. 9 Comparison of the lifting properties of different waveriders,
M 1 = 6: convergent waverider ±d = 10 deg and ’ = 45 deg, cone-derived
waverider ±c = ±d = 10 deg and ’ = 45 deg, and caret wing ±w = ±d =
10 deg.

Fig. 10 Comparison of the lift-to-drag ratio of convergent and cone-
derived waveriders, M 1 = 6: convergent waverider ±d = 10 deg and ’ =
45 deg and cone-derived waverider ±c = ±d = 10 deg and ’ = 45 deg.

and d w = d c = d d as functions of the volumetric factor s . The data
show that, for a given value of s , convergent waveriders exhibit
signi� cantly better lifting properties (see Fig. 9) as compared with
cone-derivedor caret waveriders. For the latter, the value of the lift
coef� cient CL is determined only by the values of M 1 and d w and
does not dependon the volumetric factor s . The increase in CL with
increasing s for the cone-derivedwaverider is related to the shift of
the lifting surface from the shock wave to the cone surface itself,
that is, to the region of a more compressed basic � ow. The last cal-
culated point on the curves CL vs s for this waverider corresponds
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Fig. 11 Integral heat � ux input throughthe surfaces of convergentand
cone-derived waveriders, M1 = 6: convergent waverider ±d = 10 deg and
’ = 45 deg and cone-derived waverider ±c = ±d = 10 deg and ’ = 45 deg.

to the tangentpoint of the lifting surface and the surface of the � ow-
generatingcone in the plane of symmetry. As shown in Ref. 29, this
point is a localminimumof the lift-to-dragratio.Despitehigh lifting
properties, convergent waveriders have a lower lift-to-drag ratio as
comparedwith cone-derivedwaveriders(see Fig. 10). This is related
to a greaterangleof inclinationof the liftingsurfaceto the freestream
� ow and to a greater level of � ow compressionalong this surface for
the convergent waverider. Note also that, for Re / Lw > 0.5, the co-
ordinate of the aerodynamic center of the convergent-�ow-derived
waveriders varies within x̄a = 0.62–0.68, depending on Re / R0 in
the range of their considered values, whereas for the cone-derived
waveriders it comprises x̄a ¼ 0.6. That is, the aerodynamiccenterof
the convergent-�ow-derived waveriders shifts to the end cross sec-
tion as comparedwith the conic-�ow-derived waveriders.This shift
is causedby the pressuregradientdownstreamalong the streamlines
of the basic � ow.

The estimates of the integral input heat � ux for the waveridersof
different types considered are shown in Fig. 11. An increase in the
volumetric factor s for convergent waveriders is accompaniedby a
decrease in the lifting surface radius R̄e in the end cross section and,
hence, by the correspondingchange in the waverider length L̄w (see
Fig. 2). Thus, those values of s that ensure the maximum length
of the waverider correspond also to the maximum of Q̄. For cone-
derived waveriders, the increase in s is related to the increase in the
radius R̄e and the length L̄w , which leads to a monotonic increase
in Q̄. Therefore, for high values of s , cone-derivedwaveriders can
also have a higher level of the integral input heat � ux. Thus, apart
from a higher lift coef� cient, convergentwaveriders can also ensure
lower levelsof the integralheat � ux forhigh valuesof thevolumetric
factor s .

For a comparative estimate of the characteristics of conver-
gent waveriders as forebodies with a transverse-concave lifting–

compressing surface, we determined the average parameters of an
airstream captured by an inlet arranged downstream from the wa-
verider end cross section. The lifting surface of the waverider and
the shock wave bound this stream here. For the said stream, in
particular, we determined the parameter A 1 / Spl, where A 1 is the
cross-sectionalarea of the free airstream that could be captured by
an inlet.This parameter is equivalentto the inlet mass-� ow-rate fac-
tor and characterizes the ability of the lifting con� guration to serve
as an inlet precompressionbody, that is, to capture the airstream by
its leading edges. For the waveriders under consideration,we have
A 1 / Spl = 0.34–0.42, » 0.32, and » 0.25 for the convergent, caret,
andcone-derivedwaveriders,respectively.Thus, the convergentwa-
verider has a certain advantage in this characteristic.

The average parameters of the inlet-captured airstream in the
end cross section, that is, the Mach number Ma , the relative static
pressure p̄a = pa / p1 , etc., were determined from the conditions
of conservation of the � ow rate, total energy, and entropy, follow-
ing Ref. 30. It was assumed that the equivalent averaged � ow is to
be directed along the lifting surface of the waverider. This averag-
ing is used for its equivalence to conservationof the engine stream
workability,which is essentialunderconsiderationof fuel-economic
performanceof an airbreathingengine. Note, in contrast to this, the

Fig. 12 Average static pressure in the airstreamrestricted by the shock
wave and transverse contour of the lower lifting surface in the end cross
section of different waveriders, M1 = 6: convergent waverider ±d =
10 deg and ’ = 45 deg, cone-derived waverider ±c = ±d = 10 deg and ’ =
45 deg, and caret wing ±w = ±d = 10 deg.

stream entropy is not conserved at averaging with conservation of
the � ow momentum. Note also that, for high � ow Mach number
M > 1.3–1.5, both schemes of averaging with conservation of ei-
ther the momentum or the entropy give parameters of equivalent
averaged one-dimensional streams differing by only fractions of a
percent.30 Figure 12 shows an example of the relative average pres-
sure p̄a vs the relative waverider radius R̄e in the end cross section
for some values of x̄e . The characteristics of all of the waveriders
discussed are presented. The average pressure of the inlet-captured
airstream is almost independentof R̄e for the convergent and cone-
derived waveriders, and it is constant for the caret waverider. The
compression level of the said airstream for the convergentwaverid-
ers increases as the coordinate x̄e increases, and it is signi� cantly
higher than that for the equivalent Nonweiler caret wing6,7 and the
cone-derivedwaverider.

Conclusions
A class of convergentwaveriders designed on the basis of super-

sonic axisymmetriccompression� ows inside constrictingducts has
beenconsidered.The streamlinesof thebasic� ows are convergentto
the � ow axis, and the � ow near the liftingsurfaceof thewaveridersis
also convergent.Simple convergentwaveriderswith a liftingsurface
of transverse-concavearc-shaped contour were designed using the
� ow inside conical ducts– trumpets. It is shown that the main factor
that determines the level of the aerodynamic characteristics of the
waveriders is the longitudinal position of a constructed con� gura-
tion in the basic � ow� eld. By varying this position while designing
the waverider, it is possible to achieve some compromise between
the possible high lift coef� cient and the reachable lift-to-drag ratio.

The level of the integral input heat � ux to the convergent wave-
rider body substantiallydependson the curvatureradiusof the trans-
verse contourof the lifting surface in the end cross section. It can be
decreased by choosing a proper value of this radius, which has an
insigni� cant effect on the lifting properties and the lift-to-drag ratio
of the waveriders. Convergent waveriders can ensure low levels of
the integral heat � ux at high values of the volumetric factor of the
lifting con� guration.

The class of waveriders under study can exhibit signi� cantly
higher values of the lift coef� cient in comparison with equivalent
waveridersderived from � ows around a wedge or a circular cone. In
this aspect, the convergentwaveriders can be of interest for solving
the problems of reentry hypersonic � ying vehicles, when con� gu-
rations producing a large lift force are needed to ensure maneuver-
ability of the vehicle.

In addition, convergent waveriders have also an elevated level of
� ow compression near the lower lifting surface. Thus, they can be
used for airbreathing-engine-powered hypersonic vehicles as fore-
bodies with a � ow precompression surface upstream of the inlet.
Arrangement of convergent waveriders with convergent inlets also
designedfrom internalsupersoniccompression� ows usingthe same
principles is of particular interest in this aspect.
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